We present results for entropy and kinetic energy spectra computed from direct numerical simulations for low-Prandtl-number (P r < 1) turbulent flow in Rayleigh-Bénard convection with uniform rotation about a vertical axis. The simulations are performed in a three-dimensional periodic box for a range of Taylor number (0 ≤ T a ≤ 10 8 ) and reduced Rayleigh number r = Ra/Ra•(T a, P r) (1.0 × 10 2 ≤ r ≤ 5.0 × 10 3 ). The Rossby number Ro varies in the range 1.34 ≤ Ro ≤ 73. The entropy spectrum E θ (k) shows bi-splitting into two branches for lower values of wave number k. The entropy in the lower branch scales with k as k −1.4±0.1 for r > 10 3 for the rotation rates considered here. The entropy in the upper branch also shows scaling behavior with k, but the scaling exponent decreases with increasing T a for all r. The energy spectrum Ev(k) is also found to scale with the wave number k as k −1.4±0.1 for r > 10 3 . The scaling exponent for the energy spectrum and the lower branch of the entropy spectrum vary between −1.7 to −2.4 for lower values of r (< 10
I. INTRODUCTION
Turbulence in Rayleigh-Bénard (RB) convection [1] [2] [3] has been studied extensively over the last three decades. There have been two primary objectives: (A) to get a firm grasp on how the Nusselt number (N u) scales with the Rayleigh number (Ra) [2] and (B) to understand the issues pertaining to energy and entropy spectra and fluxes [3] . In the former [i.e., (A)] the interest has centered on the scaling of N u with Ra for very high values of Ra [4] [5] [6] [7] [8] [9] [10] [11] [12] and on understanding the boundary layers which are responsible for the scaling and statistics of the temperature fluctuations. The study of RB convection under rotation started attracting a good deal of attention from the eighties and the effect of rotation on the Nusselt number has been repeatedly studied [13] [14] [15] [16] [17] [18] [19] [20] [21] .
In the latter [i.e., (B)] the interest has centered on whether the energy and entropy spectra will be determined by the Kolmogorov (K41) [22] or the BolgianoObukhov (BO) scaling [23, 24] . It is expected that there exists a crossover length L B (Bolgiano length) with corresponding wave number k B = 2π/L B such that for wave number k > k B the energy spectrum is K41 (k −5/3 ) and for k < k B it is BO (k −11/5 ). While the outcomes of different experiments [25] [26] [27] are at best contentious, the numerical simulations [28] [29] [30] show a scaling behavior which holds for much less than one decade of wave numbers. The effect of rotation on the energy and entropy spectra has never been considered.
A re-examination of the K41 result for the RB convection with rotation (Sec. IV of this paper) showed that even for k > k B one is not assured of Kolmogorov scaling. One has a lower limit k 1 and pure K41 can only be observed in the range k 1 > k > k B . Similarly, one finds that there exists a wave number k 2 which limits the applicability of pure BO scaling to the range k B > k > k 2 . These restrictions are rather severe. The arguments indicate that one could at best expect an effective exponent. We decided to repeat the numerical simulations and try a scaling plot with no bias towards K41 or BO exponents. To our surprise the exponent that provided the best fit to the energy was −1.5. The error bars are small enough in most of the runs to rule out −5/3. The K41 answer of −5/3 for the scaling exponent [31] [32] [33] [34] [35] relies on the fact that the sweeping of small eddies by large eddies is ignored, which is not a real part of turbulent motion. It is well known that the energy spectrum behaves as k −3/2 , if the dynamics is sweeping dominated. Straightforward arguments show that the scaling exponent would be −5/2 for the sweeping dominated BO regime. Hence it is clear that the numerical results presented in Sec. III support a sweeping dominated Kolmogorov regime. With this background, we decided to investigate the crossover between K41 and BO regimes by considering the RayleighBénard system under rotation. It should be possible to suppress the velocity fluctuations and give greater prominence to the thermal fluctuations in the rotation dominated regime, which in turn would be responsible for engineering a passage to the BO spectrum. Since the study of the spectrum for the RB turbulence has never been carried out for the rotating system, this could open up new possibilities.
For a RB system, the dynamics is controlled by two dimensionless numbers: the Rayleigh number Ra and the Prandtl number P r. The Rayleigh number is defined as Ra = α(∆T )gd 3 /(νκ), where ∆T is the temperature difference between the bottom and top horizontal plates, which are separated by a distance d, α is the thermal I: List of the Prandtl number P r, the Taylor number T a, the Rayleigh number Ra, the reduced Rayleigh number r = Ra/Ra•, the Rossby number Ro = Ra/(P rT a), the Nusselt number N u, the dimensionless Bolgiano wave number kB = 2πd/LB corresponding to the global Bolgiano length LB/d = (N u) 1/2 /(RaP r) 1/4 , and the the range of dimensionless wave numbers for scaling exponents γ1, γ2, and α. The reduced Rayleigh number for the non-rotating case (T a = 0) is defined as: r = Ra/Rac with Rac = 27π 4 /4. P r T a Ra r Ro N u kB Range of k for exponents γ1 γ2 α 0.1 0 1.0 × 10 expansion coefficient, g the acceleration due to gravity, ν and κ the kinematic viscosity and the thermal diffusivity respectively. The Prandtl number P r = ν/κ is the ratio of the thermal diffusion time scale to the momentum diffusion time scale. Convection sets in as Ra is raised above a critical value Ra c , which is 27π 4 /4 for stress-free boundaries and 1708 for no-slip boundaries. The threshold is independent of P r. Convective turbulence occurs for Ra ≫ Ra c . It is convenient to describe turbulence in terms of the reduced Rayleigh number r = Ra/Ra c . The convection appears at r = 1, and the convective flow becomes turbulent for r ≫ 1.
There is another dimensionless number in the presence of uniform rotation about a vertical axis: the Taylor num-
where Ω is the rotation frequency. The threshold is now strongly dependent on T a. For P r > 0.667 the onset of convection is always stationary for all values of T a < T a c (P r), where T a c (P r) is the threshold of Küppers-Lortz instability. The threshold for stationary convection Ra c (T a) is proportional to T a 2/3 for 1 ≪ T a < T a c (P r). For P r < 0.667, the onset is oscillatory and the threshold Ra • (T a, P r) depends on T a as well as P r. For very small values of P r, the oscillatory threshold Ra • is proportional to P r 4/3 T a 2/3
as T a ≫ 1. The importance of the effect of rotation can be determined from another dimensionless parameter which is expressed as Ro = Ra/(P rT a) and is called the Rossby number. Generally a Rossby number smaller than unity or closer to unity corresponds to the dominance of rotation. It is important to discuss the known results about the Nusselt number investigations in both non rotating [7] [8] [9] [10] [11] and rotating [18] [19] [20] systems.
The Nusselt number, unlike the spectrum, has been studied extensively and as we shall see has some bearing on our findings about the spectrum. It is established that in the non rotating systems, the Nusselt number follows a slightly modified power law. In the early work of Castaing et al. [7] , physical arguments and experimental data were presented to support a simple power law N u ∝ Ra 2/7 . A decade later Niemela et al. [9] suggested an exponent of 0.3 with a logarithimic correction and Grossmann and Lohse [10] proposed a sum of two terms with exponents 1/3 and 1/4. The later proposals were refinements on the original proposal of Castaing et al. [7] which, in the range of Rayleigh numbers that we will be discussing, is an adequate representation. This form of N u vs Ra curves were found to be true for a wide range of Prandtl numbers.
The effect of rotation on the Nusselt number has also been studied extensively as noted earlier but it is only lately that the effect of rotation has been cast in a particularly useful form. Beginning with the work of King et al. [18] , we see that at a given rotation speed, the Nusselt number follows the curve for the non-rotating situation for high Rayleigh numbers (see also, [19, 20] ) and as the Rayleigh number is lowered, the Nusselt number falls below the non rotating value at a particular value of Ra which we call Ra t . As the rotation speed is changed the value of Ra t changes -decreasing as the rotation speed decreases. This is a common feature of all the data taken at different Prandtl numbers and Taylor numbers. We decided to check whether there is a systematic way of characterizing Ra t (T a, P r). We found that if the threshold of convection is Ra 0 (T a, P r), then the 3 ). In the same range of r, the kinetic energy Ev(k) also scales with wave number k as k −1.5±0.1 . The best fit to the DNS data [blue (black) dots] for the energy spectrum is shown by the magenta (gray) line. For r = 1.5 × 10 2 , the exponent is close to −2. The scaling exponent for the upper branch of the entropy spectrum varies with r. ratio r t = Ra t (T a, P r)/Ra 0 (T a, P r) depend on P r and T a. For r t is approximately 1.0 × 10 2 for T a = 10 6 and P r = 0.1. For a given rotation rate, r t is lower for higher values of P r. Sec III we will see that it has interesting connections with the scaling in the spectrum.
The direct numerical simulations of Sec. III are carried out for a wide range of dimensionless parameters on 256 3 and 512 3 grids. The Taylor number is varied in the range 0 ≤ T a ≤ 10 8 . The onset of convection is always oscillatory for the values of P r and T a considered here. The reduced Rayleigh number is therefore defined as r = Ra/Ra • (T a, P r), where Ra • (T a, P r) is the threshold value for the onset of oscillatory convection. The reduced Rayleigh number is varied in the range 10 2 ≤ r ≤ 5.0 × 10 3 . This allowed a variation of the Rossby number in a range (1.34 ≤ Ro ≤ 73) for the rotating convection. The entropy spectrum E θ (k) shows two branches at smaller values of k, both of which show scaling behavior. The lower branch of the entropy spectrum scales with k as k −1.4±0.1 for higher values of r (10 3 ≤ r ≤ 5.0 × 10 3 ) for all values of T a. The scaling exponent is universal, and is observed for wave numbers much beyond k B . The scaling exponent for the upper branch of the entropy spectrum is found to vary between −2 and −4. The scaling exponent of the energy spectrum is found close to −1.5 for 10 3 ≤ r ≤ 5.0 × 10 3 . The exponents of the energy and the entropy spectra for lower values of r (10 2 ≤ r < 10 3 ) are found to lie between −1.7 and −2.4 showing that the flow has not entered an asymptotic regime either for Kolmogorov or Bolgiano scaling, in agreement with the arguments presented in Sec. IV.
II. THE HYDRODYNAMIC SYSTEM AND DIRECT NUMERICAL SIMULATIONS
The fluid thickness d, α(∆T )gd and ν(∆T )/κ are used to make all lengths, the velocity field v(x, y, z, t), and the temperature field θ(x, y, z, t) respectively dimensionless. The equations of motion, in Boussinesq approx- The entropy spectrum E θ (k) for P r = 0.1 (the left column) and P r = 0.5 (the right column) computed from DNS on 512 3 grid points for (a) r = 3.0 × 10
The best fit to the data points [blue (black) dots] in the upper and the lower branches shown by the dark blue (black) and magenta (gray) lines respectively. The upper branch shows scaling trends: E θ (k) ∼ k −γ 1 with the scaling exponent −γ1 lying between −2.1 and −2.9. The lower branch of the entropy spectrum E θ (k) scales with k as k −γ 2 with γ2 = 1.4 ± 0.1 for P r = 0.1 and 1.3 ± 0.1 for P r = 0.5.
imation, then read as:
where p(x, y, z, t) the pressure field, and the symbolẑ stands for a unit vector directed vertically upward. We have considered thermally conducting and stress-free top and bottom boundaries. This leads to the boundary conditions: ∂ z v 1 = ∂ z v 2 = v 3 = θ = 0 at z = 0 and z = 1. All the fields are considered periodic in horizontal plane. The velocity, temperature and pressure fields are expanded as:
p(x, y, z, t) = l,m,n
where U lmn (t), V lmn (t), W lmn (t), θ lmn (t), and P lmn (t) are the Fourier amplitudes in the expansion of the fields v 1 , v 2 , v 3 , θ, and p respectively. The integers l, m, n can take values consistent with the continuity equation (Eq. 3). The difference Ra − Ra • (T a, P r) decreases with increase in T a. The Rayleigh number which for T a = 0 corresponded to r ≫ 1 is no longer in that regime for T a ≫ 1, and we need to go to even larger Ra to achieve r ≫ 1. The reduced Rayleigh number r instead of actual Rayleigh number Ra is therefore a more appropriate parameter to describe turbulent regimes in rotating Rayleigh-Bénard convection. As the primary convection is oscillatory for the fluids we have investigated, we set r = Ra/Ra • in the presence of rotation. Prandtl number P r and Taylor number T a. Data points in blue (black), magenta (gray) and cyan (light gray) colors are for P r = 0.1, 0.5 and 7 respectively. Data points for P r = 7 are taken from King et al. [18] . The dashed black lines describe the scaling N u ∝ r 2/7 for different values of P r and T a. The exponent 2/7 is almost independent of P r and T a for r > rt(T a, P r).
However, r = Ra/Ra c with Ra c = 27π
4 /4 is used in the absence of rotation (T a = 0). The critical Rayleigh number Ra • (T a, P r) and the corresponding wave number k • (T a, P r) at the onset of oscillatory convection [36] with stress-free boundaries are given as:
where k • is a real positive solution of the equation:
III. ENTROPY AND ENERGY SPECTRA
We have numerically integrated the hydrodynamic system (Eqs. (1)- (3)) with stress-free boundary conditions using an open-source code TARANG [39] based on pseudo spectral method. All the simulations are done in a box of size L x × L y × 1, where L x = L y = 2π/k o (T a, P r) for the purpose. The fourth order RungeKutta (RK4) scheme is used for the time advancement. The time steps have been monitored to have CFL condition satisfied all the time. There are two dissipative (Kolmogorov) scales: (i) The minimum dissipative scale for the kinetic energy is η
is the maximum dissipation rate of the kinetic energy, and (ii) the minimum dissipative scale for "thermal energy" is η
is the maximum dissipation rate of "thermal energy". The grid-size has to be chosen such that the smallest dissipative (Kolmogorov) scale is resolved. The grid size l grid should be smaller than the lower value of η K min and η Φ min . In practice, one uses the box averaged mean dissipation rate η = ν 3 / ǫ 1/4 . That is, l grid < η . This leads to a grid size based cut-off wave number k max ≈ 1/l grid . This yields the condition for grid resolution: k max × η > 1. For several computational works on convective turbulence, this product lies in the range of 1 < k max × η < 2 (e.g., [37] ). The grid resolutions for all the simulations presented here are such that the product lies in the range 2 < k max × η ≤ 15, which is good enough to resolve the dissipative scales for all values of T a, r and Ro considered here. The hydrodynamic equations were first integrated for approximately 100 dimensionless time units on 256 3 grids for this purpose. The final values of all the fields were then used to continue a simulation on 512 3 grids. Table I difference in the two quantities. All the scaling exponents discussed in this paper are computed from using the global quantities.
The wave number space is divided into several spherical shells. The symbols E θ (k i ) and E v (k i ) represent the entropy and the energy respectively in the ith spherical shell of inner radius k i and outer radius k i+1 , where i is an integer. The entropy spectrum E θ (k i ) and the energy spectrum E v (k i ) are defined as:
The wave number k is given by,
Therefore, the data points computed from DNS appear only at k = k i in all the spectra E θ (k) and E v (k). Figure 1 displays the entropy and the energy spectra E θ (k) and E v (k) respectively for a fluid of P r = 0.1 at different values of r in the absence of rotation (T a = 0), which corresponds to Ro → ∞ situation. The entropy spectrum (the left column) shows bi-splitting, which is consistent with earlier observations [30, 38] . The expansion of convective temperature has two types of Fourier modes: the modes θ(0, 0, n) which depend on the vertical coordinates only and modes θ(l, m, n) which depend on the horizontal as well as the vertical coordinates. The modes θ(0, 0, n) lead to a nonzero value of the horizontally averaged convective temperature field (< θ > H ). These modes therefore contribute to the thermal flux across the fluid layer. The upper branch of the spectrum is due to modes (0, 0, 2n). The lower branch of the entropy spectrum is due to the Fourier modes which depend on both the horizontal and vertical coordinates. Their horizontal average vanishes, i.e., < θ > H = 0. We believe that the bi-splitting of the entropy is independent of the velocity boundary conditions. The two kinds of modes for the temperature field always exist for both no-slip and free-slip velocity boundary conditions. Most of the experiments reported the entropy spectra in the frequency space instead of wave number space. This may be a possible reason for not observing bi-splitting in experiments. Both branches of the entropy spectrum show scaling behavior. We determined the scaling exponents by doing the best fit to the data obtained from DNS. The upper branch of the entropy spectrum was found to scale with the wave number k as k −γ1 . The exponent γ 1 was found close to 3 for r > 1.5 × 10 3 and close to 3.8 for smaller values of r (< 10
3 ). The lower branch of the entropy spectrum varied with k as k −γ2 . The exponent γ 2 was found closer to 2 for lower values of r (10 2 < r < 10 3 ) and 3/2 for higher values of the r (> 1.5 × 10
3 ). The bisplitting point and the scaling regime have been found to shift towards higher values of k for higher values of r. One assumes < θ > H = 0 to predict scaling exponent for the entropy spectrum using phenomenological arguments. The scaling behavior for the lower branch of the entropy spectrum should therefore be used for any comparison with such theoretical predictions. The right column of Fig. 1 shows the kinetic energy spectra for different values of r for non-rotating case. The energy has been found to scale with k as k −α . The best fit determined the scaling exponent α = 3/2 for r > 1.5 × 10 3 . Its value was found equal to 2 ± 0.2 for r < 10 3 . Figure 2 displays the entropy spectra for higher values of r (> 1.5 × 10
3 ) at different Taylor numbers T a. The left column shows the spectra for P r = 0.1 and the right column for P r = 0.5. The entropy spectrum is found to show bi-splitting, as in the absence of rotation. Both the branches of entropy spectrum show scaling behavior. The scaling exponent γ 2 for the lower branch of the entropy spectrum E θ (k) is found to be closer to 1.4. The scaling exponent is independent of T a and r. The range of k, where this scaling holds, shifts towards higher k values with increase in T a. The behavior is almost similar for P r = 0.5. The exponent γ 2 is close to 1.3 for P r = 0.5. The range of wave numbers for the scaling of the entropy is listed in Table I . The similar scaling exponent is observed in experiments in the frequency space instead of the wave number space. The power spectrum E θ (f ) measured for the temperature field by Wu et al. [8] in helium gas and Cioni et al. [40] in water predict the similar exponent in frequency space. Niemela et al. [9] , Shang and Xia [26] , and Zhou and Xia [27] also found the exponent near −7/5 in experiments for higher values of r but in the frequency space. The similar exponent for the entropy and the energy spectra in frequency space have also been observed in numerical simulations [41] . The sweeping time arguments imply that the scaling is similar in the wave number space. It is interesting to note that in this range of reduced Rayleigh numbers (see Fig. 3 ), where our scaling exponent for the spectrum is independent of the rotation speed and the Prandtl number, the exponent for the scaling of the Nusselt number is also independent of Taylor and Prandtl numbers. Figure 3 shows this clearly that scaling exponent is almost independent of T a and P r for r ≥ r t . The critical value r t , above which the universal scaling [18] [19] [20] 
holds, decreases with increasing P r and decreasing T a. It is more sensitive on T a and P r for P r < 0.67, when the onset of convection is oscillatory. The upper branch of the entropy spectrum also shows scaling trend. The scaling exponent for the upper branch of the spectrum γ 1 varies between 2 and 3. The value of γ 1 decreases with increase in T a. The bi-splitting point and the range of scaling shift towards higher k at higher values of either T a or P r or both. The bi-splitting is more pronounced at higher values of T a.
The effect of rotation on the energy spectrum is shown in Fig. 4 at higher values of r (> 1.5 × 10
3 ). The left column of Fig. 4 is for P r = 0.1. The scaling quality is much better for the energy spectrum. We observe that the energy spectrum also shows universal scaling E v (k) ∼ k −α . The exponent α is close to 1.4 ± 0.1, which is same as the scaling exponent γ 2 of the lower part of the entropy spectrum. The range of wave numbers for the scaling of energy spectrum is is listed in Table I . This is quite unexpected value and a new observation for the entropy spectrum in the wave number space obtained directly from numerical simulations. This is the result that replaces −5/3 if the advection of small eddies by large eddies (sweeping) dominates the dynamics. It is obtained by Kraichnan's direct interaction approximation (DIA) [31] and from a very different standpoint by Mou and Weichman [35] . All the earlier exponents for the spectra were obtained in the frequency space and then indirectly connected to the exponents in the wave number space.
However, there is no direct numerical or experimental evidence that the exponents for the entropy spectrum (in the wave number space) must be identical to the exponents of the power spectrum (in the frequency space) of the temperature field. The scaling is not so clear in the absence of rotation (T a = 0), but becomes very clear for higher rotation rates. The energy spectrum for P r = 0.5 is shown in the right column of Fig. 4 . The value of the exponent α is marginally higher for P r = 0.5. The range of the universal scaling for both the spectra shifts towards higher values of k with increase in T a.
The entropy spectrum for lower values of r (= 1.0×10 2 ) is displayed in Fig. 5 . The bi-splitting of the entropy spectrum remains intact even at lower values of r. The scaling exponent γ 2 corresponding to the lower branch of the entropy spectrum varies between 1.8 to 2.4. The value of the exponent γ 2 decreases slightly with increase in T a. The maximum wave number of the scaling region is in agreement with the Bolgiano cut-off wave number (see Table I ). The scaling exponent corresponding to the upper branch of the entropy spectrum shows larger variation with T a for smaller values of r. The scaling exponent γ 1 in this case varies between 2.2 and 3.8. The scaling range and the bi-splitting points shift towards higher values of k at higher rotation rates, as observed in the case of higher values of r. The scaling exponent for the E v (k) has relatively larger error for r < 10 3 , where the effect of rotation is significant. Figure 6 shows E v (k) for different values of T a. The scaling exponent α for the energy spectrum is again similar to that obtained for the lower branch of the entropy spectrum. The cutoff wave number of the scaling is below k B for lower values of r (< 5.0 × 10 2 ), but extends much beyond k B for higher values of r. Its value of α varies between 1.7 and 2.4. The exponent α becomes smaller as the effect of rotation becomes significant. The energy and the entropy spectra for P r = 0.1 and T a = 10 8 are displayed in Fig. 7 . The values of Ro are 1.34 and 2.99 for the data points in the left and right columns respectively. The upper row displays the entropy spectrum for (a) r = 1.0 × 10 2 and (b) r = 5.0 × 10 2 . The bi-splitting of the entropy spectrum is observed to be less pronounced for r = 1.0 × 10 2 compared to that observed at r = 5.0 × 10 2 . The scaling exponent γ 1 varies from 2.16 and 2.8, while γ 2 varies from 1.89 to 2.6. The energy spectrum (the lower row of Fig. 7 ) for (c) r = 1.0 × 10 2 and (d) r = 5.0 × 10 2 . The exponent of the energy spectrum α is found to vary from 1.5 to 2.0. The maximum error margins to the exponents is 14% in this case. Figure 8 show the variation of scaling exponents γ 1 , γ 2 and α with T a for different values of r. The exponent γ 1 decreases with increasing T a, while γ 2 remains independent of T a [ Fig. 8 (a) and (b) ]. However the values of γ 1 and γ 2 at a given value of P r are larger at smaller values of r. The exponent α is apparently independent of T a. Its value for a given P r is also larger for smaller values of r [see, Fig. 8 (c) ].
IV. DISCUSSIONS
We now begin by outlining the reason behind the observations by first recalling the Kolmogorov argument (K41) for the situation without any convection. The energy budget of the unforced Navier-Stokes equation, with variables maintaining their dimensions, is known to be
where K = (v 2 /2)dV is the total kinetic energy. This shows that K is conserved in the inviscid limit and now if we inject energy at the rate ǫ K = dK/dt into the system at large length scales, then a stationary state can be achieved wherein energy is pumped into the system at large length scales and dissipated at short length scales by molecular viscosity. The contribution due to the nonlinear terms integrate out to zero in the total energy budget, and the energy transfer from one scale to another occurs at the constant rate ǫ K . This intermediate scale is the inertial range of Kolmogorov and in this range all physical quantities are determined by only two quantities, the scale itself (l in coordinate space and k in momentum space) and ǫ K . Dimensional analysis now leads to the well known Kolmogorov energy spectrum.
where K = E v (k)dk and C is a numerical constant. We address the questions: what is the analogue of the above argument for the Rayleigh-Bénard convective turbulence, and how uniform rotation of the fluid layer about a vertical axis affects it. We also have convective entropy Φ = (θ 2 /2)dV in the case of RB convection, where θ stands for the change in the temperature field due to convection. The total entropy may also be written as: Φ = E θ (k)dk, where E θ (k) gives the entropy spectrum. The rate of change the convective entropy ǫ Φ is:
We see from Eqs. (1)- (3) in dimensional form that the rate of change of the kinetic energy K and the entropy Φ are: This approach assumes that there is at least a close to linear velocity profile. Defining the dimensionless temperatureθ = θ/(∆T ) and the corresponding total entropyΦ = (θ 2 /2)dV , appropriate subtraction leads to
Clearly the conserved quantity in the inviscid limit is K − α(∆T )dgΦ. The Kolmogorov kind of argument that we have given above works only in the two limits: (A) K >> α(∆T )dgΦ gives K41-like behavior, and (B) K << α(∆T )dgΦ yields BO-like behavior. It is pertinent to ask when would one flux dominate the other. The analysis [7] of the Nusselt number which leads to the exponent of 2/7 allows us to infer that K ∝ Ra γ and φ(δT ) ∝ Ra 2γ−1 where the exponent γ is 6/7. This tells us that K will dominate at large Ra and that should be the range where Kolmogorov like spectrum should hold. This is in conformity with the results of Fig 2. We have K41-like behavior if the RHS of Eq. 19 is negative. We have a BO-like situation if the RHS is positive. The LHS of Eq. 19 changes sign if the rate of change of K − α(∆T )dgΦ changes sign. The RHS, in addition to the gradients of the temperature and velocity fields, depends on the Prandtl number. This is apparent if one takes ν or κ common to both terms of the RHS of Eq. 19. Consequently the spectra are sensitive to the Prandtl numbers. The scaling is unclear when both the terms on RHS are comparable. This seems to happen for P r = 7 case of Mishra and Verma [30] . Similarly for very low P r, Eq. 19 indicates that even if K were to dominate on LHS, there could be an injection of energy at short scales due toΦ. Conventional wisdom says that there is a length scale which demarcates between K41-like and BO-like regimes. This is
. It is BO-like if l > L B and K41-like on the other side. We want to argue that this simplistic.
Returning to Eq. 19, we see that a Kolmogorov type argument that led to the well known result (Eq. 15) will in the case of convective turbulence need the flux of the combined quantity K − α(∆T )gdΦ. If ǫ K is the flux of the kinetic energy K (pure Kolmogorov) and if ǫΦ is the flux of the entropy (pure Bolgiano), then for the total kinetic energy flux the dimensional argument gives the energy spectrum
ǫ K is scale independent but ǫΦ is not. If ǫΦ is to be determined by ǫ K and k, then clearly ǫΦ = Dǫ The part within [...] can be written as 1 − (k/k 1 ) 2/3 and it is clear that K41-like situation can hold only if k < k 1 and on the upper end it is bounded by 2πL −1 B . In the range where it is valid, it will show an effective exponent α 1 which is clearly greater than 5/3 and is given by α 1 = − 5/3 + 4 9
(k/k 1 )
The effective exponent shown above will allow an approximate scaling behavior only if the function on the RHS of Eq. 22 varies slowly with k. Now to the situation where the thermal flux dominates and we are in a BO-like situation. Dimensional argument now gives 
In this domain ǫΦ is scale independent but ǫ K is not. In fact dimensional analysis gives
With Eq. 24 in mind, we write 
The absolute value of the effective exponent now is smaller than 11/5 and is k dependent which makes a long scaling range difficult to obtain. Only if one is in a region where the function above is not changing fast that we can see the appearance of a definite exponent. Note that by changing the Rayleigh number as one crosses from K41 to BO, there can be significant corrections on both sides and large unexpected changes in the exponent may occur. In particular a Bolgiano region can show an exponent much smaller than 2.2. Note also that rotation suppresses the energy flux relative to the thermal flux and hence can aid a transition to Bolgiano.
V. CONCLUSIONS
We have presented the results for the entropy and the energy spectra computed from DNS with high accuracy for turbulent flows in low-Prandtl-number RayleighBénard convection with uniform rotation about a vertical axis. The entropy spectrum shows bi-splitting in wave number space. The scaling exponent for the upper branch of the entropy spectrum is not universal. The scaling exponent for the lower branch of the entropy spectrum scales with wave number as k −1.4±0.1 for larger values of the reduced Rayleigh number. The energy spectrum also shows similar scaling and scales with k as k −1.5±0.1 . The scaling is found to be universal for higher values of r (> 10
3 ). It is observed for wave numbers below a cut-off wave number k B corresponding to the Bolgiano length. For smaller values of the reduced Rayleigh number (r < 10
3 ), the scaling exponent varies between −1.7 and −2.4. The presence of uniform rotation appears to make BO scaling more accessible.
